The traditional approach to attenuation-difference tomography employs the ray approximation where waves are assumed to propagate at infinite frequency. The ray approximation causes significant model error that generates artifacts and loss of resolution in tomographic images. In this paper, we use finite frequency (Fresnel volume) physics to represent wave propagation and propose an efficient method of computing Fresnel volume sensitivities using scattering theory. These sensitivities represent the physics of electromagnetic propagation more accurately than ray theory and thereby provide better data prediction than ray-based sensitivities. We apply this methodology to synthetic and real time-lapse radar attenuation data acquired in a mesoscale hydrogeophysical research site in Boise, Idaho. Both synthetic and field results show that Fresnel theory produces more reliable images of subsurface conductivity changes in comparison to ray theory.
Introduction
Radar attenuation-difference tomography can be used to image spatial and temporal changes in bulk electrical conductivity. Bulk conductivity changes are induced by the movement fluids with different electrical conductivities. Such transport information is typically sensitive to important hydrogeologic properties such as porosity and hydraulic conductivity and can provide valuable information concerning the distribution of these properties. A number of radar attenuation-difference surveys have been conducted in near-surface environments to image fractures (Lane et al., 1999) and to monitor saline tracer tests (Day-Lewis et al., 2002) . In both of these applications ray theory was used to represent the wave propagation underlying the inverse reconstruction. The majority of tomographic inversions for velocity or attenuation structure (in both seismic and radar applications) are based on ray theory primarily because ray theory is well understood and is computationally efficient allowing inversions of large data sets.
Several techniques have been developed to estimate the spatial distribution of the sensitivity of seismic arrival time to seismic velocity distributions, which are often referred to as wavepath methods (Luo and Schuster, 1991) . Generally, the full acoustic-wave equation is used to derive the wavepath sensitivity distribution associated with a particular source-receiver pair and velocity structure (Vasco and Majer, 1993; Spetzler and Snieder, 2004) . Because they are based on a finite-frequency wave equation, the wavepath sensitivities are physically more accurate than rays and include the effects of finite frequency propagation. The benefits of accounting for finite-frequency effects are numerous, including the ability to image smaller scale features and reduce tomographic artifacts.
Fresnel Volume
The Fresnel volume is the region defined by
where tsj is the travel time from the source to some scattering point in space (cell j in the context of this paper), trj is the travel time from the same point to the receiver, tsr is the travel time from source to receiver and T is the period of the propagating wave. Energy within the first T /2 seconds of the wavelet is only sensitive to points located within the first Fresnel volume because energy scattered from points outside of this volume arrives after time tsr + T /2. We define T /2 as the time between the first arrival (tsr) and the end of the first pulse (t f p ) of the arriving wavelet. In this work we neglect higher order multiple scattering contributions.
For a constant velocity medium the Fresnel volume is an ellipsoid with focal points at source and receiver positions. As frequency decreases the Fresnel zone widens indicating that the energy contained in the first pulse is sensitive to a wider region in space. As frequency increases toward infinity the period approaches zero and the Fresnel zone becomes very narrow indicating that the first pulse is sensitive only to the locus of points lying on a curve between the source and receiver as in the ray approximation. We assume a constant velocity medium so that rays are straight and Fresnel volumes are ellipsoidal. The straight-ray approximation is valid in many saturated shallow subsurface environments because velocity contrasts tend to be weak and source receiver distances are small which limits ray bending. However, Fresnel volumes can also be computed for heterogeneous velocity media (Spetzler and Snieder, 2004 ).
Attenuation Difference Data
Consider that the time domain trace of the vertical component of the electric field (Ez) corresponding to the source-receiver orientation i is given by ea,i. A trace with the same acquisition geometry collected at some later time t b , when an electrically anomalous fluid has invaded the region between the source and receiver, is labeled e b,i . If the fluid is conductive, the amplitude of ea,i will be NSE 2.2
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greater than the amplitude of e b,i because EM wave attenuation increases with conductivity. In low loss conditions, the relationship between the natural logarithm of EM amplitude and bulk conductivity is approximately linear. Thus we can define the attenuation-difference data as
where tsr is the first arrival time for traces ea,i and e b,i , and t f p is the time to the end of the first pulse or the first zero crossing after tsr. The kinematic parts of the wave equation are equal for both times; only wave amplitudes are affected. Under this assumption, the integration limits in eq. 2 are equal for each trace.
To construct the forward model, let the conductivity distribution at times ta and t b be denoted by σa(r) and σ b (r), such that σ b (r) = σa(r) + δσ(r) then Eq. 2 is given by .
If we represent the integrals by Fi(σ(r)) = t fp tsr e 2 i (σ(r), t) dt, then Eq. 3 can be written (Johnson et al., 2005) 
Where ·, · denotes the inner product in the spatial domain and ∂Fi (σa(r)) /∂σa(r) are Frechet derivatives. Discretizing the medium into cells of volume vj with conductivity δσj allows us to write Eq(4 as
where J F ij = ∂ ln (Fi (σa(r))) /∂σj . Eq.5 is the discretized forward model for Fresnel volume attenuation-difference tomography. Errors in the physics represented by J F arise primarily due to the truncation of higher order terms which neglects the effects of multiple scattering. This effect is evident in the expression for J F ij which is the sensitivity of the log first pulse energy of ei(σa(r)) to a single scatterer δσj.
We compute J F ij with the forward finite difference operator given by
(6) We solve for ei (σa(r)) and ei (σa(r) + δσj) using scattering theory and numerically compute the integrations in Eq. 6. The background field ei (σa(r)) is computed assuming constant σa(r) and ei (σa(r) + δσj ) is computed using the Born approximation.
Fresnel Volume Sensitivities
To solve Eq. 6 we are required to compute the background and scattered fields using the Helmholtz equation. The background field is solved using the whole space Green's function in a homogeneous medium and the scattered field solution is solved using a first order scattering solution, which is effectively the Born approximation. Details of the derivation is presented in Johnson et. al (2005) . The background electric field is represented by
and the total field solution due to a single scatterer is given by
Eq. 8 is the fundamental equation used in computing the EM field due to a conductive perturbation in a homogeneous medium. It is the total field solution for a single scatterer under the Born approximation. We compare the solution from scattering theory with the full-waveform finite difference solution (Holliger and Bergmann, 2002) shown in Fig. ? ?4}. The scattering solution matches well with the finite difference solution. The effect of radiation pattern on sensitivity is shown in Fig. ? ?7}. The distortion of the sensitivities for the anisotropic radiation pattern indicate the importance of radiation patterns in attenuation-difference data. Figure
Inversion of Synthetic Data
Figures 3 and 4 shows the results of a synthetic data inversion using singular value decomposition (SVD). The Fresnel and ray theory solutions are presented at different truncation indexes. The truncation index corresponding to the noise level in the data is close to 160 for the Fresnel zone case and 200 for the straight ray case. Therefore the images at 160 and 200 are the appropriate solutions for the Fresnel zone and straight ray inversions respectively.
Comparing the results we notice a significant improvement in the recovered bulk conductivity changes using the Fresnel zone approach. The top anomalous zone is poorly recovered using ray theory and the overall amplitude recovery is much lower compared to the Fresnel inversion results. Figure 5 shows the tomographic images constructed using ray theory and Fresnel theory of the bromide tracer plume acquired during a tracer test at the Boise Hydrogeophysical Research Site (BHRS) Goldstein, 2004) . The data were acquired 9 days after a bromide tracer injection and image plane is approximately 4.5 meters from the injection well. The plume is moving approximately perpendicular to the plane (i.e. coming out of the page). The source receiver configurations are evenly spaced at 20 cm intervals in each well for a total of 2350 source receiver pairs (100 MHz) data. The inversions were constructed using first spatial derivative regularization and solved using LSQR. The appropriate regularization weighting for each case was determined with the L-curve technique, and each solution has approximately the same data residual norm. The results are very similar to what the synthetic inversion indicates. Namely, the Fresnel volume inversions are much better localized and predict higher conductivity changes. (i.e. note the scale differences).
Inversion of Field Data at BHRS
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Conclusions
In this paper we demonstrate that using finite-frequency approximations provide improved images of bulk conductivity in the subsurface. The sensitivities computed using Fresnel theory are similar to the the full-waveform sensitivities.Interestingly, the Fresnel volume sensitivities are zero along the correspoding ray path. We include radiation pattern effects and have shown that sensitivity distributions are distorted by anisotropic radation patterns. We demonstrate using synthetic and real examples that Fresnel volume sensitivities approximated with scattering theory can provide inverse estimates that are significantly more localized and accurate than the ray theory counterparts.
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